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Ao AEETERCT

In resource evzluation, the
assumpticn of an underlying femily for
the distribution of petterns in a class
mey nct be desirable from the stend-
peint of validity of the assumptiorn as
well as the znalysis of inlcrmetion.
Dimensionezlity rcduction of the festure
space is a desirsble and, often,
necessary step for econcmic pattern
classification, & novel stochaslic
gredient elgorithm is develcoped in this
paper that yields an asymptctically
optimal linesr trensformetion miniuizing
the Bayes! error rate (probsbility of
misclassification; in the transformed
space, The algorithm ceoes nct meke
explicit use of the underlying
distribution ¢f the features, The
slgorithm is generzlizzble to cecisien:
functions other than Bayes! error raie
and is adaptive based on superviscd
samples, availablc #ll at one time or
collected over time in which case the
algorithm is updated at each such point;
the evuzluation of the decision function
is not required at each update, The
algorithm, coded in FORLRAk and
implemented on a LeC System 1077, has
been aprlied to certain LANOCAT data sets
for two and five classes as well as to en
eight~class case with “catures having
multivariate normal aistributior., The
results point to the robustness cf the
rrocedure,

I. INTRCLUCIICL

There is commonly some degrec of
redundancy in informelion in «
mnultivariste remotce sensing dats set,
This is particularly true for
multispectral dets for which a

ccusicercvle cegree of correl:ticn may
cxiet betwecrn chennels thet wure spectral
neighbors, One cen expect, therefore,
that & derived data ¢ €t cf reduced
aimensicnality ¢xists which provides a
classificeticl. which is &t leust as good
&s the one obtzined by using the ccumplete
set, EKeducticn of dimensionslity is
desirzble cue to the 1ecd for deta
compaction end specd ¢f procescsing,
keeping ir mind thc important
consicercticn of accurecy in resource
clessificaticn. In feature siace
trensformztion, the objective is to
transform the original featurc space to

& new space, usuelly in lower dimersious,
that is zble to contain imvortant
information,

Feature transformations that reduce
aimensionality erc¢ categerized by the
criteria usvd ior determining the
transformetion. These criteria are
listed below.

T Freservetlicn of informetion, as in
rrincirel cenmpcenents aneliysis,

e Disterce mezsures, such as the
divergence,

3. Measures of separability, cther
than the above, such as Fisher's linear
discriminant,

L, Ireserving some structure
underlying the dsta.

5e Frobebility of misclassification,

No assumption is mede regarding
the distributior. of the features, We
assume that lzbelled (supervis.d) samples
are avallable for each class and develop

1983 Machine Processing of Remolely Sensed Data Symposium

138




a novel procedure for determining a
transformetion optimizing & decision
function which includes the critericn 5.

The orgenization of the paper is as
follows, Lotation and & brief literzturc
review arc given in section 11, the
prrocedure is developed in section I1lI and
numerical results sre given in section 1V,
Conclusions sre given insection V,

I11. LOTALIGL Ao LIThRALURL EeVIEW
Ao LOLALICK

wWe use the following nctetion.

c number of classes
.t . .

Wy 1th rettern class, 1 = Ty444,C

d dimension before transformation

a' dimension after transformeiion,d'4d

T (d*xd) trunsiormation matrix

Fy 2 priori probability for cluss vy

X d- dimensional feature vector, who:e
generic reslizeation is represented
a5 X

X d'~ dimensional feature vector
obtained by transforming X by T,
with its generic resglization
represented &s Yy

o(x/w.; conditionel density cf X given

= cless Wy

p(x) probability censity furction ci Xj
s(x) =gpy 1 /vy)

p(wi/g) posterior probubility for clece
w. anu equel to p.p(x/v,)/r(x)
i 1 1

Dij decision functione ifor

classificeticny 1144 044C3
j;1,--o,C; l}(’;)

3 expectation operator

u(.) wunit ster functionj; cquel to 1
when the argumert is positive and
zero otherwise

h(.) smoothing function

B, LITLIAIURL ELVILW

. . 1
The principal ccmponents

trans formation minimizes the loss
function corresponding to the extent to
which we can predict X given ¥, Although
the transformation is optimal with
respect to fitting the data, it is not
necessarily optimal for separating the
classes. Decell and Mayekar2 give an
iterative procedure for obtaining T such
that the divergence in transformed space
is minimized. For 3:2 and d'=1, Fisher's
linear discriminant~ tries to meximize
the separstion in the transformed space,
Using the Fisher ratio as the optimality
criterion and selecting features for
their d150£iminatory potentiel, Foley
end Sammont derive an &lgorithm for
extracting @ set of feztures for a
2-clezss problem. 4lso for c=2,

Fukanaga and hoontz? suggest «
preliminery transforuwatior. such that the
eigen vectcrs which best fit class 1

are the pocrest for class 2, Cdell et.
al.6 develop an explicit ¢uprission for
a transformeztion T for which using the
Bayes' clascificetion procedures x is
assigrned to w; if and only if Ix is
assigned to wi, vhere d%d is the
smallest inteéer for which this
eguivelence holds. T is calculated
directly in terms of known class umeans
M ¢ covariance matrices ., Lissack
an& Fus describe a 2-class fezture
extracting transformetion when the error
rate is to be minimized; explicit
results are given for Gaussian
distributions. Lonlinear mapring
algorithms attempt tc preserve some g
structure underlying the data, Sammon
gives an iterative procedure for a good
match between samples in d-space with
their transformations in d'-spacej a
variatior to reduce computatiqgal
requirement was given by Vhite , where
the Haaming metric is used in place of
the buclidean metric, 4 relaxation
method for nonlinear maipings has been
proposed by Casng and lee'O, 4
nonlinezr transformaticn to make features
in the trensforwed spezce lineerly
sepereble hes been proposed by Calveit
end Youngil, %n respect of criterion 5,
de Figueiredol? ,uggests a procedure,
sypeciclized by Starks et, al.'3, based on
methemeticel programaing when the
distributior. ¢f the feztures are known,

113, LCNIARAMLTRIC FEALURL TRALSFORMAL ICK

We now consider the problem of
finding a lirear transformation that
minimizes certain decision functions
includirg the error rate, when the
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underlying distributions are unknown,
Our approach leads to a procedure that is
ortimel in the large sample sense,

A, LEXFRRESION FOR THE bRhOK FROBABILITY

Given rezl-valued decisicn
functions 3§ D,.{ , for a feature vector
X =XxX€ R,y thd” @ dimensionsl Luclidezn
space, thg classification is according to
the following rule:; x is assigned to cless
wy if D 4(x)> 0,¥ PR

The probability ¥, of
misclassification can tHen be represented
as:

The errcr probability (1) becomes

-1 J‘ Dp(x) sen D, (v (x)dx (6)
2 Ld

ilso, if the training sequence is given

e =1

gsuch thet =1 if x € v, end P = -1 if
X € vy wE Heve using™(5) thet
E (P, /2, = 8) = Dg®) (7

maling it possible to estimate DB from
the trairning semples, Besices
inccperdence, this is the cnly property
reguired of tino scouence (;_(_n, Pn§°

Lthe decision ifunction L' in the

L
Py =1 - 22 pu/f w0 re e 1
i=1 R J=1 B
a JFL

The choice of
Dy (%) = plwi/x) - p(vy/x) (2)

yields the Beyes' error probability and
hence is optimal for the error rate
criterion,

e are interested in reducing the
dimensicnelity of the feature vector X.
Let T be a (d*xd) matrix and ¥ = IX be
the transformed feature vector., If we
wish to minimize the Bayes' error rate
with respect to T, the decision functiocns
are given by

Dy ;(x) = p(v;/Tx) - p(wj/i‘zc.) (3)

where p(w./Tx) represents the posterior
prcbabili%y givin transforued feature
values, In the classificatiorn: problem,
the posterior probabilities zre unknown.
We are given a seyuence of independent
relirs (21,F1), (2{_ ,F ),-'o,(z ,r),...
where {;.gare rangomfy select®d Loints
from K, ¥ith probability density p(x) and
$Fi} gfve the class lzbel of the
regpective samples, hote that

P (P, =i/ X =2 =plu/x). ()
E. TWO-CLASE SELCIALIZAYICL
Let
Dy &) = p(wy/3) - p(v/x). (5)

trensformed spece is given by
Dp'(Ix) = o(wq/Tx) - p(uy/1x) (8)

Lkote that for each T, we have a diiferent
decision function and

w(fy /X, =) =Dt (D (9)
so that D,! may be estimated from
another stquencc {(Ign,ﬁg}.
C. FRCCLDURL FCR TWC CLASCLS

Ior corvericnce, we wrile, when
neccseery, the matrix T as a vector t of
length ddt'; i.e,,

tl’ =1,. 4 for k = (i=1)d + J
{ 13 1 -(- 5. ﬁ ar
1¢£i<&d
Let
J(E) =k (")
. . o ST, (T S
=1-1 é‘ Dy, (Tx)srDy ' (T%) p(2)4x(10)
d

We minimize J(t) by s veriantl ol the
stochestic. Bradient &lgordithm (Cf. Fritz
and Gycrfii+), If p(x) is continuous,
J(t) is ciffererntiable at t £ ¢, Derote
this gradiert bty T(t) (L # ¢). We have
thet JWL) = (1) ando«l ®E) = U (L) if
«>C., Ve minimize J on the unit syhere
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Sqqr = {I‘-/I’ERdd' » el = 1}

where || .[| denotes the Euclidean norm.,
The algorithm is:-

Prot = by = Yo ¥na
%041 = Enan/ || ] (1)

Mpiq T 8pgq - }-n<§n’zn+1>

Zn+1="fn+1>\nh0‘n Eﬁn(Tnzn+1>>vrﬁn(Tnzn+1)

vhere {.,.y is the imner product in Ry
1Y E 1s & sequence cof positive real
niutibers, Z, .4 is &n estimator fcr y(gn)
based on the training sequence

and h is a smoothing functicn(taken as the
univeriate normal density with mean O and
variance 1). Our approach to estimete U
is to use a smccothing version of the
Kiefer-Wolfowitz scheme. If the constants
¥, and )‘n satisfy

Y, 20, )\n > 0 and >\n—» 4S8 T —yde,

= v Zovey2, L2 Y W
n=0}n=b°’n=0xn>‘n<b°’r€1"—'o n Kp< ®
and U satisfies the uniform Lipshitz
conditien, then it cen be shown thet the
algorithm converges to a staticnary point.
The zlgorithm mey have to be started at
several initial states to lccate the
global minimum.

D. EXTLLSICKE TO c CLASSEE

Extending the procedure to an
sarbitrary number of clesces is quite
straight-fcrwerd. In the training
sequence of pairs (zn,F )y Py mow
represents the cless. DrhisMinplies thet

P(P, = w/X, =x) =puy/x) (12)

Analocgous to (11), define

&n+1

ynder conditiens similar to the case of

¢ = %, it can be shown thet z..4 in (13)
is an sppropriste approximatigﬁ to the
gradient of J and the algorithm converges,

Iv, NUMBRICAL RKSULIS
A, DATA

The zlgorithm develcoped in the
preceding section was ceded and run on the
following three data sets:

1. U-chennel, 5-cless Landsat data of the
Malzprabha dam site (Site M);

2., l4-channel, 5-class Landszt data eof
Chandrapur district (Site C); and

3. 12-band, 8-class data given by
Btarks, et, alJz(8ite D).

In the first twe cases, supervised samples
were availazble but not enough in number
(only 45 for some classes), In case 3,
only the mean and covariance matrices
wvere available, Hence in each case,
ssmples were generated assuming a
multivariste Gaussisn distributicn,

B, IMFLEMBEMNIATIICK

We note that cur algorithm deoes not
require the computation ef error at any
stzage. However, programs were written to
estimzte/syproximate Fge

Lach data set was split inte three
sets Sp, S, and St
1. &
Zns

2. &

z Was used to compute the estimator

wgs used to compute the functions
or~ D;., which are essentislly
freque%éies;

3. &

e Was used to compute Pé.

The samples in S, and S_ are
clzss-segregated becauge we néed only
p(wi/Tg). We describe below the steps for

L=

= '% iz;é-'m xn h( >‘n Dx:'xi Q_Lm‘l)) vaﬁi (Y-n-f‘l) J);mu (Dz;aj ",'- n+1)) (13)

Ce COMFUTALICER CF T

1, Choose zn initizl trensfcrmstion such
that || &]] = 1.

2. For eacn x € Sy, do steps 3 and 4%
telov.
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e lvcluutelﬂ
VL (ln,.
L,

(xu) and its gradient

Find z @nd updale Tn using (11).

n
Eince the algor;thn in general converges
to a local minimum, th¢ procedure has to
be restarted with 01 fferent initiel t.

D. CCPEUTATICR OF Iy (¥
Since D (y)=E(f. /TX ¥)
"(y) cen be Lobtained” byncounting the

umber of samples in & smell hypercube
containing y; the width of the hypercube
is kept as a parameter in the program.

E. COMPUEALION CF Tib GRADILLI GF I
The gredient of I . at any P € Sg

is computed by finite dffierence

aprreximation,

F. COMFUTATICK CF LEKHCH

The error estimaticn _progreu
classifier each sample of S and counts
the number of misclassifica fions. 4
guasi-Newton procedure was zlsc used for
errcr evaluation, ZFor two classes,
assuming Gaussian distritution, he exect
error is easy tc evazliuate,

G. AFPLICATICLE

Our procedure was arplied to two-
class case corresponding to Sites M, C
and D, five classes fer Sites M and'C and
eight classes for Site D. The exact and
apyroximats error computation procedures
were cempared when d=12, d'=1 and

S, =100. Some typical resultv, rounded to

twd decimel places,
folleowing tebles.
J(t) is the estimated vealue.

are given in the

Table 1, 7Two-cluss Results for Site C
|8y]= o035 d =45 ar =1

n 0 50 0 50
0 -0.C1 «C,71 -o Lo
0 0.16 0.71 0.8k
-1n 0 003“' O.OO 0010
1 0,93 0C.CC 0,17

J(Eh) 0.2¢ 0.19 0,38 0.27

exact

Unless otherwise stated,

Tegble Z, Two=-class Eesults for Site K
lgzl: 503 & : bj 4 = 1
n 0 50 © 50
1 0.¢7 O 0.C6
N 0 0.C0 © 0.15
=n 0 0.22 0] =0,1¢
0 -0.12 il 0.6
J(gn) C.Co 0,00 C.CG 0.CC
exact
Tzble 3, Lwo-cluss Results for Site D
lbzl— 503 d = 123 d' = 1
n G 50 £ 5 © 50
1 C.87 £ =C.030,20 0.27
O —0.1‘7 U .'O.CE; 0029 00:1
0] G.18 0 «0,10 C,29 0.k2
0 ~0.,10 C 0.C5 0,29 0,34
G =G.2C G ~0.07 0.2 0.25
C =0.13 1  0.91 0.2¢ 0,25
=n 0 -0,02 0 =C.,Ck 0.29 C,30
0 =0,09 0 =0,11 0,29 0,22
0 «G.21 0 ~0,10 0,29 0,2k
0 =0.05% 0 -0.C8 0,2¢ 0.30
0 =0.11 0 ~0,206 0,29 C¢,C3
0 =0.22 0 =0.21 0,29 C,15
J(t - P
e Eﬂt 0.27 0.C3 0,26 0,C3 0.07 0.01
J(&n)
Guasie - 0.C0 = 0.60 - 0.0C
Newton
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Tabr= U, Fiveaclass Results for Site C
se| = 2503 d=b

lszl = 1003 | &,| = 2503

ol

n 0 100 100 100
2 3

0.53 0.1k

~0,40 =0.C9
0.20 0.17

0.2, -0.33

OQEB -0030

=040 0,22
0.20 «0,50

0.25 =0.1&

-O.ECI

—Oc22

~0.u41

-0,1E

at -

-

SO0 O0
o o o o
N oo
miﬁ\nc‘

COOO0OO0O0OOCOO0O

J(£,)0.22 0,18 0,17 G.17

Table 5, Five-class Results for Site M

{s
z

n 0 100 1CC 100

da - 1 2 3

L7 0.15 =0.23
.50 0.08 -0,06
5% 20,66 0.16
L8 =0,0C 0.05
015 CH5

6 «0.02
-0.66 =0,C1
~0.09 0,20
O.k5

-0,CZ
-G.01
0.2C

[oleNeleloYoloXoXoRoNake)
O
*
o
o

3(£,)0.20 0,15 G.10 0,11

H. DISCULLIONS

1, Vinen reducing the dimensions from
d to d', we would expect the final error
to be non-decreassing as d' decreascs.

2. TFor a fixed collection of training
samples, the error rete will be higher
as more parameters, viz. t, have to be
determined.

= 1003 | &p| = 2505 | so| = 2505 a=t

Table 6. Eight-class Comparative Results
|s5] = 1005 |8p] = k003 'se‘ = 400

n=0 n=100 'E(Starks, et, al.)

1 O.G? ‘O.h#
C ~0.4C -0.39
C  0.4C 0.05
¢ 0.06 -0,08
¢ .16 0,24
=n 0 0,Ch =0.13
¢ 0.28 Ol
0 28 0,52
0 C.31 0.Ck
¢ -0.51 -0,C6
0 ~0.25 0.22
J(t,) 0.51 0.26 0.27

Table 7. Compariscn of the Error
estimating Frocedure with exact values for
a multi-variate normal case reduced to cne
dimensiocon.

da =125 4' = 13 Se = 100
n J(En)
MLXACT " AFPRCXIMATE
1 c.2087122 o

5t C.218192C
1011 0.0720590
17-1&  0,0126058
20=2h  0,823C671
2640 0,0132714
Y1.51  0,011896

52-8C  0,003627

81-1¢0  0.0022369

CCO000000
e ¢ o & o o
COO0OQOOCu=
=S NOON =00 F W

3. The requirement for training samples
would be more for lower d'.

%, The algorithm converges zlmost surelys.
The velue of J(Er) need nct decrcase at
every step, :

5., Aprroximations to Dif and VD! are
sensitive to the size of hyperctbe and
difference parameter respectively.
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Ve CONCLUGIUKE

In this paper, we nuve
constructively rropescd « renperaueiric
feoture transiormetion for dimensicnelity
reduction, importent in rcsource
evaluation,

Although the literature dcscribes
many transformaticns, both linesr and
nonlinear, only a few eof these are
determined using the error rste criterion,
0f these, Cdellts® transiormation is
restricted to Gaussian classes and that
Lissack and Fu? deals with subset
sclection for two classes. The
methodology of de Figueiredol2 .equires
knowledge of the underlying multivariate
distribution function and, in genersal,
difticult to implement and the
methodology has _been specialized by
Starks,et. al.13 to Gaussian classes for
reducing to one dimension.

The salient features of our
procedure are the following.

1. It is not restricted to two classes,

2. It is not restricted to any syecific
distribution.

3, It is non-parametric. The algerithm
is convergent, almost surely. The
convergence characteristics have been
studied when the supervised szmples
available are of the order of fifty to =a
few hundred,

L, It can be extended to minimize the
error rate with respect to decision
functions other than the Bayesian decision
function; i.e, the functions {D..} may be
changed sc long as they satisfy “suitable
conditions and can be uvibtained from
samples,

5. It can be used to reduce the feature
space to desired dimensions.

6. The procedure can be used in the
design and operational phases, updating
the transformation as and when a labelled
sample is obtained.

7, The value of the error rate need not
be computed at each step for the
determination of the transformstion,
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